It is well known that the tidal deformability of a compact star carries important information about the interior equation-of-state (EOS) of the star. The first gravitational-wave event GW170817 from a binary compact star merger observed by the LIGO/VIRGO detectors have already put limits on the tidal deformability and provided constraints on the ultra-high nuclear density EOS. In view of this ground breaking discovery, we revisit and extend our previous work [Phys. Rev. D 95, 101302(R) (2017)] which found that taking the effect of elasticity into account in the calculation of the tidal deformability of compact star models composed of crystalline color-superconducting (CCS) quark matter can break the universal I-Love relation discovered for fluid compact stars. In this paper, we present our formulation in detail and provide more analysis to complement our previous findings. We focus and extend the study of the screening effect on the tidal deformability, which we found previously for hybrid star models, to various theoretical two-layer compact star models. Besides solid quark stars and hybrid stars, we also consider (1) solid quark stars dressed in a thin nuclear matter crust and (2) quark stars with a fluid quark-matter core in the color-flavor-locked phase surrounded by a solid CCS quark matter envelope. We show that the screening effect of these twolayer models in general depends on the thickness of the envelope and the ratio between the density gap and the core density at the core-envelope interface. However, for models with a fluid envelope and a vanishing small density gap, the screening effect remains strong even as the thickness of the envelops tends to zero if the quark matter core has a fairly uniform density. The relevance of our study to GW170817 is also discussed. We find that quark star models which are ruled out by the observation limits on the tidal deformability can be revived if the entire quark star is in a CCS phase instead of a fluid phase, thus adding complication on putting constraints on the quark star EOSs. In contrast, the screening effect causes the tidal deformability of a hybrid star with a CCS quark matter core agrees with that of a corresponding stellar model with a fluid core to within less than 1% if the core size is less than about 70% of the stellar radius. The implication is that if a hybrid star EOS model is ruled out by the observation limits on the tidal deformability, the conclusion will hold no matter whether the quark matter is in a fluid or solid state, assuming that a large solid core comparable to the stellar radius is not favored in nature. Our study advocates that the tidal deformability not only provides us information on the EOS, but may also give insights into the multi-layer structure and elastic properties of compact star models composed of CCS quark matter.
INTRODUCTION
Compact stars have long been perceived as natural laboratories of matter in extremely high density and low temperature, which cannot be attained on Earth. The uncertainties of the equations of state (EOSs) of matter in such an environment can be constrained through observing the signals from compact stars. Aside from traditional observations of electromagnetic signals, gravitational wave signals from compact stars first come into play last year. On 17 August 2017, the Advanced LIGO and Virgo network made the first successful detection of the gravitational wave signal from a binary compact star system, GW170817 [1] . The first analysis of the signal already places upper bounds on the tidal deformability, which is a parameter quantifying the ratio of the induced quadrupole moment of a star to an external tidal field. This parameter, denoted by λ, is shown to be encoded in the emitted gravitational wave signals as a small correction in the phase of the waveform during the early stage of binary compact star inspirals. The measurability of λ with gravitational-wave observations has been studied [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] . Since this parameter is sensitive to the EOS [13, 14] , the gravitational wave signals effectively carries information of the EOS independent of the electromagnetic signals. Indeed, based on the GW170817 signal, work has been done to put constraints on the compact star EOSs ( [15] [16] [17] [18] [19] [20] [21] [22] [23] [24] ). With this ground breaking first observation, the prospect of using the tidal deformability to probe the properties of compact stars in the future is very promising.
One of the open questions that may be explored with gravitational wave measurements is the properties of quark matter in a cold dense environment. It is generally believed that deconfined quarks may exist inside the core of compact stars, which corresponds to the high density and low temperature region of the QCD phase diagram [25] [26] [27] [28] [29] . At asymptotically high density, QCD predicts that the up, down and strange quarks in the deconfined quark matter would pair up equally to form standard Cooper pairs based on the BCS mechanism and become color superconducting. This phase of quark matter is called the color-flavor-locked (CFL) phase [30] .
On the other hand, the phase of quark matter at a relatively lower density within a compact star is uncertain when the strange quark mass (∼ 150 MeV) is comparable to the quark chemical potential (∼ 400 MeV) since perturbative QCD is no longer adequate in this regime. It is proposed that in such conditions quark matter may be in the crystalline color superconducting (CCS) phase [31] [32] [33] [34] [35] [36] , which is a rigid state of matter expected to have an extremely high shear modulus about 20-1000 times that of nuclear matter in a neutron star crust [37] . The exact transition point between the CFL phase and the CCS phase is highly uncertain and the possibility of such a transition existing within a compact star cannot be ruled out [38, 39] . The possibility of sequential QCD phase transitions within compact stars has also been studied [40] .
Moreover, there might be a transition point between the quark matter phase to nuclear matter lying within the density range of a compact star. As a result, several phases of matter with distinct properties could exist within compact stars. For instance, 'hybrid stars' containing a quark matter core and a nuclear matter envelope has long been hypothesized to be some of the observed compact stars [28, 29, 41, 42] .
In another scenario where strange matter is the absolute ground state for strong interactions [43] , most of the hadronic matter is turned into deconfined quark matter within a compact star. A thin layer of nuclear matter might exist on the top of the quark matter since the compact star attracts normal nuclear matter from the surroundings. The strange quark matter is not in direct contact with the nuclear matter crust due to Coulomb repulsion. As a result, such a model is composed of quark matter dressed in a thin layer of nuclear matter. The two phases of matter are separated by a thin layer of electrons [39, 44] .
While different theoretical possibilities have been proposed, could we tell from observations in what phase(s) deconfined quark matter (if exists) can occur in compact stars? This is certainly a non-trivial question since even the EOS of traditional neutron stars is still an open question. Following the successful measurement of the gravitational wave signal GW170817 from binary compact stars, we can now study the properties of compact stars through a completely new window, in particular using the observation limits on the tidal deformability as mentioned above. It will soon be possible to put constraints on those hypothetical phases within compact stars. In [45] , we propose that the tidal deformability of compact stars may give us a useful probe to solid quark stars due to the extreme rigidity of the CCS phase of quark matter.
Penner et al. [46] first studied the effect of elasticity on the tidal deformability of neutron stars using polytropic models with a thin elastic crust to mimic traditional neutron star models. They conclude that the elasticity of the neutron-star crust causes a tiny reduction of the tidal deformability compared to the fluid counterpart. On the other hand, our previous study [45] reveals that the tidal deformability of a solid quark star can be up to about 60% smaller than its fluid-star counterpart. This causes a significant deviation in the I-Love relation, which relates the moment of inertia (I) and the tidal deformability (sometimes quantified by the tidal Love number [47] ), of solid quark stars from the universal relation [48, 49] discovered for fluid compact stars. (see [50] for a review). As a result, the properties of solid quark stars containing the CCS quark matter can be constrained from the ILove relation if the independent accurate measurements of I [51] and tidal deformability [2] , λ, are available in the future.
In this paper, we extend the study to three types of composite compact star models containing the CCS phase quark matter: (1) hybrid stars containing a solid CCS phase quark matter core and a fluid nuclear matter envelope [52] [53] [54] , (2) dressed quark stars with a solid quark matter core in CCS phase and a thin nuclear matter crust separated by Coulomb force [39] , (3) two-layer quark stars with a fluid CFL quark matter core and a solid CCS quark matter envelope [38] . These models all contain two layers with distinct elastic properties. We focus on the effect on the tidal deformabilities brought by the rigid CCS phase and the influence on such an effect caused by a layer in different composition. For instance, we have found the so-called 'screening effect' in [45] , where the fluid envelope of a hybrid star masks the effect of elasticity of the CCS quark matter core on the tidal deformability so that the value of λ for the hybrid star is essentially the same as that of a stellar model with a fluid quark matter core.
As mentioned above, the calculation of the tidal deformability of traditional neutron stars with an elastic crust in general relativity (GR) has been formulated by Penner et al. [46] . We have formulated the problem ourselves and re-derived the set of equations using a different choice of variables comparing to [46] so that the resulting matter equations can be compared directly to those corresponding Newtonian equations (e.g., [55, 56] ) in elastic layers. We have applied our equations in the previous study [45] and we present the full set of equations and the relevant boundary conditions in this paper.
In Sec. II, we present the formulation to compute the tidal deformability of two-layer compact stars with a solid component. Section III presents our numerical results for various two-layer compact star models. In Sec. IV, we study how the screening effect is affected by the stellar structure and physical parameters. We also briefly discuss the relevance of our work to GW170817 in Sec. V. Finally, we conclude our paper in Sec. VI. Unless otherwise noted, we use geometric units with G = c = 1.
II. FORMULATION
In this section, we shall present the full formulation of our calculations. Readers who are more interested in the physical results may skip this section and go to Sec. III directly.
The determination of the tidal deformation of a compact star requires full general relativistic treatment. We are interested in the weak field regime where the linear approximation is valid. Extensive studies have been done on the tidal deformability of compact stars with different configurations, including the static equilibrium models composed entirely of fluid [13, 14, [57] [58] [59] and slowly rotating fluid models [60] [61] [62] . Our focus shall be on the tidal deformability of models with solid layers. The set of static perturbation equations in the solid crust was first derived by Penner et al. [46] from the Einstein field equations in their investigation of the tidal deformation of polytropic models with a solid crust. In fact, the static perturbation problem can also be considered as the zero frequency limit of the polar pulsation problem, which was first considered by Thorne and Campolattaro [63] in relativistic fluid bodies and later formulated for solid bodies by Finn [64] . In this paper, we provide a new set of equations that is more suited for comparison with the Newtonian counterpart, allowing easy verifications and possible extension of the Newtonian analytical studies to relativistic cases.
We derive the set of linearized static perturbation equations for polar deformations in compact stars to study the tidal deformation problem starting from the Einstein field equations and the continuity equations. We focus on developing a formalism in direct analogy to the conventional Newtonian perturbation equations for solid stellar models (see e.g., Alterman et al. [65] , Saito [66] , Ushomirsky et al. [67] ) by choosing a specific set of dependent variables with Newtonian counterparts. We have also spotted some mistakes or typos in the perturbation equations of [46] by comparing them with our equations and others' work (e.g., [64] ).
The determination of the tidal deformability consists of three steps. First, we find the equilibrium structure of the unperturbed compact star model with the Tolman-Oppenheimer-Volkov (TOV) equations and the EOS. Then, we solve the linearized static perturbation equations with the variables from background configuration. In this way, we obtain the linear response of the mass elements within the star under an arbitrary timeindependent perturbation. Finally, we calculate the tidal deformability by solving for the external metric perturbation outside the star using the solutions of the perturbation problem in the stellar interior.
A. Equilibrium background
The spacetime metric for a spherically symmetric, static equilibrium background is given by
The structure of a compact star is governed by the TOV equations
where m is the gravitational mass within a radius r and the functions P , ρ are the pressure, energy density of a mass element at a distance r from the center respectively. In this context, we also use the prime symbol to denote radial derivative. For instance, ν ′ (r) represents dν(r)/dr in Eq. (3). For a cold compact star, the zero temperature EOS takes a simple form: P = P (ρ). With this additional information given, we solve Eqs. (2)-(4) to determine the equilibrium stellar structure. The function λ is given by
B. Static perturbation equations
To calculate the tidal deformability, we must first obtain the solution to the relativistic static perturbation problem of the stellar interior with appropriate boundary conditions. Assume that the star deforms under an external tidal field, which induces a mass quadrupole moment inside the star. The perturbations are governed by the linearized Einstein field equations and the continuity equations
where G αβ is the Einstein tensor and T αβ is the stressenergy tensor. The semi-colon represents covariant derivatives. Unless specified otherwise, we use 'δ' to denote Eulerian perturbations. The perturbations, decomposed in the basis of spherical harmonics, can be classified into axial modes and polar modes based on their parities ( [63, 68] ). We focus on the even parity perturbations in our tidal deformation problem.
Fluid perturbation equations
Considering polar perturbations of a static spherically symmetric background metric in the Regge-Wheeler gauge [68] , the metric perturbation of frequency ω is expressed as
where
(9) The displacement vector of polar perturbation is given by
where Y lm (θ, φ) is the standard spherical harmonics function. For static perturbations, we set ω = 0. This leaves only the diagonal terms non-zero in the perturbed metric. In perfect fluid, the perturbed stress-energy tensor is written in terms of the energy density ρ, pressure P , fourvelocity U α and their corresponding perturbed quantities 
where c s 2 = dP/dρ.
Solid perturbation equations
To account for elasticity, we first assume the background to be in an unstrained state, given that the background shear only affects the total stress energy by a negligible amount. In this way shear only contributes in the perturbation level. Hence, the total stress energy tensor in Eqs. (6) and (7) is written as [46, 64] δT αβ = δT
where the effect of shear is given in the anisotropic stress tensor δT shear αβ following a Hookean relationship with the shear strain tensor δΣ αβ and shear modulus µ δT shear αβ = −2µ δΣ αβ .
Following [69] , the shear strain tensor for small deformations obeys the differential equation
with the projection tensor ⊥ µ ν defined by
Eq. (17) is solved to the linear order by Finn [64] . Directly applying the results in [64] , we write down the strain tensor components represented by the radial and tangential strain variables, S r and S ⊥ respectively, which are defined similarly to those in [64] :
The remaining components are
where the indexes A and B both run over θ and φ. The comma signs before the indexes denote partial derivatives. The shear strain tensor is guaranteed to be traceless in the above expressions. The contributions from shear are determined from the three radial functions S r (r), S ⊥ (r) and V (r) and the shear modulus µ.
Putting the above metric perturbations and stress energy perturbations into Eqs. (6) and (7), we obtain the differential equations governing the solid polar perturbation problem.
We define new variables Z r and Z ⊥ to represent the radial components of the total stress in radial and tangential directions respectively:
where ∆P is the Lagrangian perturbation of pressure.
We also define a variable J:
The complete set of perturbation equations is given by
and
In the above equations, we define a set of quantities similar to those in McDermott et al. [70] , which studies the non-radial pulsations in neutron stars with a solid crust with Newtonian Cowling approximation, to represent different elastic moduli in isotropic materials:
where α 2 and α 3 represent the relativistic generalization of the Lamé coefficient and the P-wave modulus defined in classical elastic theory respectively (see e.g., [71] ). The metric perturbation variable K is expressed in terms of the other perturbation variables by
Eqs. (25)- (28) can be derived solely from the continuity equation (Eq. (7)). They reproduce the zero-frequency limit of the equations governing the polar pulsation in solid under relativistic Cowling approximation given in [72] if we neglect the metric perturbations. Meanwhile, Eqs. (29) and (30) are obtained from the perturbed Einstein field equations (Eq. (6)).
Eqs. (25)- (30), together with the algebraic relations for H 2 and K, Eqs. (32) and (34), form a complete set of perturbation equations in solid with variables W , Z r , V , Z ⊥ , H 0 , J . We have checked that our equations are consistent with the zero frequency limits of the two sets of relativistic non-radial pulsation equations for polar modes in solid compact stars given independently by Finn [64] and Krüger et al. [73] (See the footnote [74] ). We also notice that the equations for static perturbations in solid by Penner et al. [46] are inconsistent with the zero frequency limits of the above mentioned pulsation equations in [64] and [73] .
C. Boundary conditions
Conditions at stellar center
The set of perturbation equations in solid has a regular singular point at the origin. We derive the regular solutions of the perturbation equations for solid core near the origin by expanding the six perturbation variables about r = 0. The leading power dependence of these variables are found by solving the indicial equations and the results are given in Appendix A. Keeping the first two non-zero terms of the expansion of each variable, which gives a total of twelve coefficients (Eq. (A1)), we find nine independent constraints (Eqs. (A4)-(A12)) by substituting the series expansions into the system of six first-order differential equations (Eqs. (25)- (30)). This gives three independent regular solutions at the origin. For stellar models with a fluid core, we refer the readers to previous works (e.g., [57] ) for the corresponding boundary conditions.
Conditions at interface and stellar surface
Across the solid-fluid interface, the shear modulus exhibits a jump from a finite value in the solid layer to zero in the layer of perfect fluid. Furthermore, the phase transition from quark matter to nuclear matter in hybrid star models determined by the Maxwell construction has a density discontinuity. As a result, some of the perturbation variables are not continuous across the interfaces. Boundary conditions are imposed to relate the perturbation variables at the two sides of the interfaces.
The continuity of intrinsic curvature required by the Einstein field equations (see Finn [64] for detailed derivation) implies that the variables H 0 , K, W must be continuous across the interface. The fact that the stress energy tensor being nonsingular at any point leads to the continuity of Z r and Z ⊥ across the perturbed interface [46] (i.e., Israel junction condition [75] ). From the above continuity conditions, we clearly see the advantage of using the function J (see Eq. (24)) as the dependent variable over using H ′ 0 , as J is continuous across the interface and the stellar surface while H ′ 0 is not. In our formulation, we apply the continuities of (W, Z r , Z ⊥ , H 0 , J) across the solid-fluid interface. In the statically perturbed fluid layer, the displacement variables W and V are undetermined except at the interface and surface. Therefore, we express the radial stress variable Z r at the fluid side of the interface in terms of H 0 and W . With the algebraic relation for H 0 and δP in fluid,
we explicitly give the continuities of Z r and Z ⊥ as
where the continuity conditions are imposed at the interface. We use the superscripts '(f)' and '(s)' on the quantities that are in general discontinuous to indicate the fluid side and the solid side of the interface respectively. Eqs. (36) and (37) allow us to determine the solution in the solid core up to an arbitrary constant. The remaining part in the fluid envelope is an initial value problem from the interface to the stellar surface. The stellar surface can be treated as an interface between the star interior and vacuum. The relevant boundary conditions are similar to those at the solid-fluid interface. For a solid-vacuum interface, i.e., at the stellar surface of bare solid quark stars, the boundary conditions are written explicitly as
where R is the stellar surface, the plus and minus signs in the subscripts of R indicate the outer side and inner side of the stellar surface respectively. In the bare quark star models, there are three independent regular solutions of unknown amplitudes in the star interior. The amplitude of each of the solutions is fixed up to an arbitrary constant by Eqs. (40) and (41). After determining the interior solution, Eqs. (38) and (39) are used to determine the metric perturbation in the vacuum side of the stellar surface, which allows us to calculate the tidal deformability.
Note that only Eqs. (38) and (39) are relevant across a fluid-vacuum interface in determining the tidal deformability as Z ⊥ is always zero in fluid (perfect fluid assumption) and Eq. (40) provides an extra relation between W (R − ) and H 0 (R − ):
D. Tidal deformability
After obtaining the values of the metric perturbation at the vacuum side of the stellar surface, the tidal Love number is calculated using the same method for a fluid star. The following gives a brief description on the procedure. We refer the readers to [13, 57, 76, 77] for more detailed discussions.
The metric for a static, spherically symmetric stellar model under a static external tidal field in the far-field limit is given by Thorne [78] :
where Q ij is the quadrupole moment and E ij is the external tidal field. The tidal Love number, k 2 , of a static spherically symmetric star is defined by the relation [57]
where R is the star radius. The behavior of H 0 in vacuum for the perturbed system is governed by the equation [57] :
Using the change of variables x = r/M − 1 as in [57, 63] , Eq. (45) 
The asymptotic behavior of the associated Legendre functions are
respectively. Using Eqs. (43) and (44) in the far-field limit to determine the coefficients in Eq. (46), we can obtain the Love number k 2 by
The value of c 1 /c 2 depends on the solution of H 0 and its derivative at the vacuum side of the stellar surface. Using the interior solution and the relevant boundary conditions Eqs. (38) and (39), we can express Eq. (49) in terms of the compactness C = M/R and the dimensionless parameter y [57] :
where y is defined by the values of H 0 and its derivative at the vacuum side of the stellar surface:
In the following discussion, we mainly quantify the tidal deformability with the quantity,λ, namely the 'normalized tidal deformability', defined bȳ
which appears in the discussion of the universal I-Love-Q relations in fluid compact star models [48, 49] .
III. NUMERICAL RESULTS
In [45] , we report that the deviation of the tidal deformability of solid quark stars composed entirely of CCS phase quark matter from a fluid quark star with the same background profile can potentially be as large as 60% in λ. In the following, we shall study the tidal deformability of three different types of composite models and compare the results with that of solid quark stars.
A. Hybrid stars with a solid quark matter core and a fluid nuclear matter envelope
In this study, we describe quark matter with the phenomenological model proposed by Alford et al. [79] . The EOS is given by the grand potential per unit volume, Ω QM :
where µ q is the average quark chemical potential of the mixture of up, down and strange quarks. a 4 (≤ 1) is a parameter used to model the non-perturbative QCD corrections, with a typical value of around 0.7 (see [80] ). a 2 depends on both the strange quark mass and color superconducting gap to take account of the free energy correction due to quark masses and quark pairing. B eff is the effective bag constant related to the vacuum pressure. A hybrid star consists of a nuclear matter envelope in addition to the quark matter core. We choose the EOS model APR [81] to describe the nuclear matter. The phase transition between the core and the envelope is determined with the Maxwell construction (see [54, 79] ). The resulting model has a finite density gap at the core-envelope interface. On the other hand, a bare quark star contains quark matter only and is described by the phenomenological EOS.
Besides the EOS, we also need the shear modulus µ in our calculations. The shear modulus of the CCS quark matter is given approximately by [37] µ = 2.47 MeV fm
where the value of the gap parameter ∆ is expected to lie within the range 5 MeV to 25 MeV.
An interesting phenomenon found in our previous study [45] is that a fluid envelope is able to strongly screen out the effect of elasticity of the solid core if the density gap at the core-envelope interface is small compared to the core density. In particular, the tidal deformability of a solid quark star can deviate from that of a fluid quark star to 60%, while the difference between a hybrid star with a CCS solid core and that with a fluid core is only around 1% for a particular hybrid star model investigated in [45] . This demonstrates that even though the elastic CCS quark matter can have a significant impact on the tidal deformability of bare quark stars, a fluid envelope on the surface may cancel out this effect. In this section, we further investigate the screening effect in hybrid stars with different EOS models to understand how such an effect can affect hybrid stars with different internal structures.
Using the hybrid star EOS described above, with the parameters listed in Table I for the quark matter EOS Eq. (53), we construct three hybrid star models (HS1 -HS3) of 1.4 M ⊙ with a solid core and compare their normalized tidal deformabilities, which are first constructed in [54] in the study of torsional oscillations of hybrid stars with CCS quark matter. For comparison, we also consider a solid bare quark star model, abbreviated as 'SQS' in the following, constructed with the same set of EOS parameters as that of the quark matter EOS for the core of HS2. The mass of SQS is also 1.4 M ⊙ . The density profiles of the three hybrid star models are given in Fig. 1 . The models have similar radii but HS1 has the largest quark matter core while HS3 has the smallest. This allows us to qualitatively study the influence of the size of the CCS core on the screening effect. Figure 2 compares the fractional deviation of the normalized tidal deformability, λ −λ fluid /λ fluid , of the bare solid quark star and the three hybrid star models with different gap parameters ∆ for the CCS phase (i.e., different shear moduli), whereλ fluid is the normalized tidal deformability of the corresponding fluid model with the same EOS but a zero shear modulus. This illustrates the large difference in the effect of elasticity on the tidal deformability between a solid quark star and hybrid stars. Figure 2 also shows that the fractional deviation for hybrid stars decreases drastically by orders of magnitude as the thickness (as well as the mass) of the fluid envelope increases (from HS1 to HS3), which indicates a stronger screening effect as one might expect Our result show that the screening effect in our hybrid star models is very strong, with the fractional deviation smaller than the 0.01 level, as long as the CCS core size is smaller than TABLE I. The parameters of the phenomenological EOS model for quark matter inside the core of the hybrid star models. The EOS of the nuclear matter envelope is APR [81] for all three models. The last two columns refer to the parameters of the corresponding hybrid star models with 1.4 M⊙, adapted from [54] . Me and M are the mass of the fluid envelope and the total mass of the hybrid star respectively.λ∆=25 MeV denotes the normalized tidal deformabilities of the hybrid stars with the gap parameter ∆ = 25 MeV. about 70% of the stellar radius. It is noted that the fractional deviation of HS1 is about 50% of that of SQS. One might naively expect it to reduce to similar values as that of the SQS model if the thickness of the fluid envelope is further reduced. However, this is not the case. In fact, we find that the screening effect does not necessarily vanish even when the thickness (hence the mass) of the fluid envelope approaches zero. Showing this phenomenon with the hybrid star EOS is not easy as the core-envelope transition cannot be freely adjusted while keeping the other parameters, like the mass and the radius, unchanged. In particular, the core-envelope transition and hence the thickness of the envelope are fixed by the Maxwell construction. There- fore, we shall carry out further studies with some 'toy models' that allow us to adjust the structures in Sec. IV. Finally, we end this subsection by showing the I-Love relations of the hybrid stars (HS1 -HS3) together with the solid quark star (SQS) using ∆ = 25 MeV in Fig. 3 . It extends our previous study in [45] with more focus on hybrid star models with very different internal structures. The quantityĪ is the normalized moment of inertia, as defined in [48, 49] , given bȳ
where I is the moment of inertia and M is the mass of the compact star. The deviation inĪ of HS1 from that of the universal curve for fluid compact stars is around 5%. Nevertheless, its deviation is still much smaller than that of the solid quark star due to screening effect. Therefore, hybrid star models with a very large solid core like HS1 is in principle distinguishable from pure fluid compact stars using the I-Love relation, ifĪ andλ can be measured to a high accuracy in the future. On the other hand, the screening effect due to the fluid envelope of a hybrid star with a small solid core makes it very difficult to distinguish such a model from a pure fluid model using the I-Love relation alone.
B. Dressed quark stars with a solid CCS quark matter core and a thin layer of nuclear matter crust Another model of quark stars is a two-layer model composed of quark matter dressed in a thin layer of nuclear matter crust [44] , which is called the 'dressed quark star' (e.g., in [82] ) or the 'nonbare quark star' [39] . We would stick to the former term when referring to this model within this paper. Based on the strange matter hypoth-esis [43] , the major component of this model is the absolutely stable strange matter [44] . At the surface of the quark matter core, a thin layer of nuclear matter with densities below the neutron drip point may exist as a conventional neutron star crust with a layer of electrons of only a few hundreds fermi thick [44] separating the charged nuclear matter from the quark matter inside. This model is different from the hybrid stars in Subsection III A since there is no quark matter-nuclear matter transition inside the star. Essentially the quark matter phase is the true ground state and the matter within the star exists in this phase, except that the nuclear matter crust is in a metastable state without direct contact with the quark matter inside. In our investigation of tidal deformation, the thin electron layer is insignificant and we do not include it in the calculation. In contrast to the nuclear matter envelope of hybrid stars, the nuclear matter crust in the dressed quark star has a very low density and there is a density gap of a ratio of 10 3 to the density of the base of the nuclear matter crust at the interface. Moreover, the nuclear matter crust is a solid with much lower shear modulus than the CCS quark matter inside. The density profile is given in Fig. 4 , showing the quark matter core with nearly constant density and the nuclear matter crust with a steep profile.
In the study of torsional pulsation modes of the dressed quark stars [39] , in which the nuclear matter crust is assumed to be ionic solid, it is found that most of the oscillation mode energy concentrate within the crust since the much more rigid CCS phase quark matter in the interior absorbs only a small faction of energy. The solid nuclear matter crust cracks more easily than the standard neutron star crusts during a glitch. This shows the significance of the nuclear matter crust despite its low mass content compared to the whole star.
We calculate the effect of the thin nuclear matter on the tidal deformability of a dressed quark star. We assume the quark matter to be entirely in the CCS phase. We have employed the same EOS model as SQS in the quark matter core (see Subsection III A). For the layer of nuclear matter, we employ the EOS of [83] , where the matter is assumed to exist as a crust of neutron-rich nuclei. For a nuclear matter crust, we estimate the shear modulus of the crust with the formula [84] 
where n i is the number density of ions, Z is the atomic number of the nuclei, e is the electron charge and R i is the mean radius of the ions. This gives a shear modulus of 1.47 × 10 28 erg cm −3 at the base of the crust. The dressed quark star model is labeled as 'DQS'. The quark matter-nuclear matter transition is set at a pressure of 7.141 × 10 29 dyn cm −2 so that the bottom of the nuclear crust has the same density as that of the neutron drip point (taken to be 4.2 × 10 11 g cm −3 ). The quark matter core has a radius of 9.00 km and the nuclear matter crust is 0.21 km thick. We compare the normalized tidal deformabilities of three DQS models with different gap parameters ∆ with those of SQS in Fig. 5 . We find that the thin layer of solid nuclear matter crust with a low density changes the values of the tidal deformabilities by very little, with less than 5% for the models with ∆ = 25 MeV. As the gap parameter of the quark matter core increases, the tidal deformability of DQS deviates more from those of SQS models. This is because the effect of elasticity of the solid nuclear matter crust becomes less important when the shear modulus of the CCS phase increases, thus making the nuclear matter crust 'fluid-like' in terms of elastic properties. This causes a screening effect similar to the case caused by the fluid envelope in hybrid stars (Subsection III A).
We also calculate the tidal deformability of dressed quark stars with a fluid nuclear matter crust and compare it with that of dressed quark stars with a solid crust in Table II . The normalized tidal deformability of the model with a fluid crust is labeled asλ fc . The tidal deformabilities of the two models agree to within 0.01%.
In conclusion, the nuclear matter crust of the dressed quark star poses a screening effect on the solid quark matter core. However, it is much less significant than that in a hybrid star. Also, such effect does not depend on whether the nuclear matter crust is solid or fluid as shown in Table II . As we shall see in Sec. IV, the weakness of screening is caused by the large density gap at the core-envelope interface. Hence, the tidal deformability of dressed quark star models with a solid quark matter core in CCS phase is nearly the same as that of bare solid quark star models. In Section IV, we shall demonstrate how the density gap can affect the screening effect.
C. Two-layer quark stars with a fluid CFL quark matter core and a solid CCS quark matter envelope If the high density environment of the bare quark star core favors the CFL phase quark matter, the star might be composed of a fluid CFL core and a rigid envelope of CCS quark matter [38] . However, the exact CFL-CCS transition point is unknown and is not possible to be determined without knowing the strange quark mass and the gap parameter ∆. Therefore, we treat the transition point as a free parameter and study a series of quark star models with a fluid CFL core and a solid CCS envelope, focusing on the effect of the envelope on the tidal deformability of the model. This represents an investigation on a different kind of 'screening effect' in this model compared to that in the hybrid stars. Specifically, we now ask whether the solid envelope changes the tidal deformability of the two-layer model with a fluid core considerably regardless of its thickness.
Using the phenomenological EOS of quark matter, Eq. (53), we construct three two-layer quark star models, with different transition pressures between the CFL and CCS phases using the parameters a 4 = 0.8, a Table III . We label the models from 'CFL-CCS1' to 'CFL-CCS3' according to the transition point between the CFL and CCS phases. The mass of each model is fixed at 1.4 M ⊙ . We have applied the same set of phenomenological EOS eff = 160 MeV are listed. The CFL-CCS transition pressure, Pt, is listed for each of the models. The fractional core radii, Rc/R, are also given. For the last two columns, the mass of each model is fixed at 1.4 M⊙ and the normalized tidal deformabilities of the models with the gap parameter ∆ = 25 MeV are also listed. parameters to describe the CFL core and the CCS envelope here, assuming that the EOSs of these two phases do not differ significantly. This two-layer model has been previously studied in [38] on the electromagnetic signals emitted from bare quark stars through torsional oscillations. Similar models have also been discussed in [85] for studying the r -mode instability of bare quark stars with a transition between a Kaon-condensed CFL phase [86, 87] and the CCS phase, except that the transition point is determined microscopically by comparing the free energies of these two phases. Among the three two-layer quark stars, CFL-CCS1 has the largest fluid core and CFL-CCS3 has the smallest one. In Fig. 6 , the fractional deviations in normalized tidal deformability of the two-layer quark star models and that of the bare solid quark star are plotted against the gap parameter. Compared to the hybrid stars in the previous subsection, the deviations for two-layer quark stars are generally larger. The tidal deformability of the twolayer quark star model with R c /R = 0.25, CFL-CCS3, Table III and solid quark star models (SQS) with gap parameter ∆ = 25 MeV are shown together with the fitting formula of the universal relation in fluid compact stars given by Yagi and Yunes [48, 49] . The two-layer quark star models with mass 1.4 M⊙ are indicated with red crosses presented in Table III .
is almost indistinguishable from that of the solid quark star SQS. For comparison, CFL-CCS1, the model with R c /R = 0.75, has a large deviation in tidal deformability from that of SQS for different gap parameter ∆. In general, the tidal deformability of a two-layer quark star with a CCS envelope approaches the value of that of a bare solid quark star as the thickness of the envelope increases, unlike the case of a two-layer model with a fluid envelope and a solid core which shall be discussed in Sec.IV. Figure 7 illustrates the I-Love relations of the twolayer quark star models with different CFL-CCS transition pressures. The gap parameter is fixed at 25 MeV. Since we employ the same EOS for the CFL phase and the CCS phase, these models have the same density profiles as the SQS model. The transition is thus characterized by the position at which the shear modulus changes sharply from zero in the fluid CFL phase to an extremely large value in the solid CCS envelope. The models with mass 1.4 M ⊙ are marked by red crosses in the figure. As shown in Fig. 7 , the I-Love relation of the two-layer quark star can deviate from the universal I-Love relation by a significant amount depending on the size of the CFL core. This depends on the transition pressure between the CFL and CCS phases as well as the gap parameter. In contrast to the cases of hybrid stars, the deviation is now more sensitive to the transition point of the fluid-solid interface. This attributes to the difference in behavior of the screening effect caused by a fluid envelope and that caused by a solid envelope.
D. Summary
Here we briefly summarize the numerical findings in this section. We have studied the tidal deformabilities of three kinds of two-layer compact star models containing the CCS phase quark matter. We focus on the reduction in the influence of the core on the tidal deformability caused by the outer layer, which we refer to as the screening effect.
• Hybrid stars: For our stellar models with a typical density gap at the core-envelope interface which is comparable to the core density, we find that the screening effect is very strong as long as the CCS core size is smaller than about 70% of the stellar radius. Let us also point out that the rather uniform density profile of the quark matter core in our models also contributes to the strong screening effect in hybrid stars. This shall be discussed in Subsection IV A.
• Dressed quark stars: The solid nuclear matter crust has a screening effect similar to that caused by the fluid nuclear matter envelope of a hybrid star, except that the effect is much weaker. The tidal deformability of this model is slightly higher than that of a bare solid quark star with identical mass as a result of the screening effect of the crust. We shall illustrate in Sec. IV that it is due to the large density gap of the ratio 10 3 compared to the base of the nuclear matter crust at the core-crust interface.
• Two-layer quark stars (CFL-CCS): In contrast to the case of hybrid stars, the screening effect in this model depends more sensitively on the transition point between the solid envelope and fluid core. As a result, the I-Love relation for these models can deviate significantly from the universal relation for pure compact stars.
IV. FACTORS AFFECTING THE SCREENING EFFECT
The previous results demonstrate the screening effect in two-layer compact star models containing the CCS phase quark matter, together with a study of the general dependence of the effect on the relative thickness between the envelope and inner core. In this section, we shall use a series of 'toy models', including polytropic models and incompressible models, to study the factors affecting screening effect in more detail.
For illustration, we use a polytropic model (P = kρ 1+1/n ) and an incompressible model (ρ = ρ 0 ), where k is a constant and n is the polytropic index, ρ 0 is a constant. The values of the EOS parameters are fixed at k = 180 km 2 , n = 1 and ρ 0 = 10 15 g cm −3 respectively. The shear moduli of the solid phase in both the polytropic model and the incompressible model are set to be a constant value of 2.87×10 34 erg cm −3 , which is close to that of the CCS phase quark matter with gap parameter ∆ = 25 MeV. We also employ a two-layer quark star model, labeled as '2-layer QS', constructed with the EOS model given in Subsection III A, but with a core-envelope transition between CCS quark matter and fluid quark matter at an adjustable radius R c . Again we choose the EOS parameters for quark matter as: a 4 = 0.8, a 1/2 2 = 100 MeV, B 1/4 eff = 160 MeV. The screening effect has been studied in Newtonian theory with a two-layer incompressible model featuring a solid core and a fluid envelope of different densities [55, 56, 88] . It depends on several parameters of the internal structure, including the density gap across the interface, the relative sizes of the envelope and the crust, and the shear modulus of the solid core. We expect the dependence to be similar in compact stars. In the following, we numerically study the effects of these factors within the framework of GR.
A. Core size
The screening effect in models with a solid core and a fluid envelope is somewhat surprising. Within the linearized theory, we find that the screening effect does not vanish even when the fluid envelope is very thin as long as the density of the envelope is non-zero. It is analogous to the electrostatic shielding effect of a perfect conductor enclosing a dielectric material (see e.g., [89] ). When a dielectric material is exposed to an external electric field, a polarization is induced within it. However, if it is completely surrounded by a perfectly conducting shell, it does not feel the external electric field since the electric field from the induced charges on the conducting shell surface completely cancels out the external electric field. Such a screening effect is independent of the thickness of the perfect conductor shell. In the case of the tidal deformation problem, a perfect fluid layer responds to the external tidal field with an induced quadrupole moment, which drastically cancels out the external field on the solid core. The case of complete screening can be shown analytically in Newtonian incompressible models (see Appendix B).
We now study the special features of the screening effect due to the envelope by comparing two different kinds of compact star models: one with a solid core surrounded by a fluid envelope, while the other model is a reverse situation with a solid envelope on top of a fluid core. In these two situations, screening simply means the reduction of the effect of the core on the tidal deformability due to the existence of an outer envelope. To simplify the discussion, we study models without a density gap at the core-envelope interface. We define a screening factor, δλ/(δλ) max , of each model, with (δλ) max =λ fluid −λ solid ,
whereλ is the normalized tidal deformability of the twolayer compact star,λ fluid andλ solid are that of the corresponding single-layer fluid model and solid model respectively. Here, a single-layer model refers to one with the same background profile (e.g., P (r), ρ(r)) as the two-layer compact star, except that the whole star is composed entirely of either fluid or solid.λ * is that of the reference model, which is a single-layer compact star composed of the same phase as the core of the two-layer model, i.e., eitherλ fluid orλ solid . Hence, δλ/(δλ) max ranges from 0 (no screening) to 1 and it indicates how strong the screening effect by the envelope on the core is. For instance, when the normalized tidal deformability of the two-layer model with a fluid core and a solid envelope is the same as that of the fluid model, i.e.λ =λ fluid =λ * , the screening factor vanishes and there is no screening in this situation.
In Fig. 8 , the screening factor of different two-layer models with a fluid core and a solid envelope reduces from 1 to 0 as R c /R increases for all three models. It illustrates a gradual decrease in screening effect in these models as the solid envelope gets thinner. In particular, this situation applies to the case of traditional neutron stars with a thin solid nuclear-matter crust.
In Fig. 9 , we observe strong screening in all three models when R c /R is less than 0.75, with the screening factor extremely close to 1. As R c /R increases, the screening factor of the polytropic star starts to decrease and eventually reaches zero as R c /R = 1. Meanwhile, the screening factors of incompressible star and quark star stay at a value near 1. The screening effect is still very significant even when R c /R approaches 1 for the incompressible model and quark star model, both of which have finite surface densities. The two-layer quark star model has a slightly weaker screening effect than the incompressible star. This highlights the special feature of the screening effect of a fluid envelope on a solid core, which is not very sensitive to the thickness of the fluid envelope, especially for stellar models with a finite surface density. Moreover, the screening effect does not vanish as long as the fluid envelope has a significant density compared to the solid core for the incompressible star and quark star.
From the different behaviors in screening factor between the polytropic model and the other two models when R c /R tends to 1 , we see that the uniformity of the density profiles also contributes to the screening effect. In the two-layer quark star model, the density at the surface of the solid core is at least a quarter of its central density as R c /R approaches 1. For comparison, the density of the solid core in a polytropic model can be several orders of magnitude smaller than the central density if the core-envelope interface is close to the surface. This causes a significant drop in the screening effect when R c /R is larger than about 0.8 as shown in Fig. 9 . This result is similar to the case of hybrid star models studied before where the screening effect is weakened as the solid-core size increases (see Figs. 1 and 2) .
B. Density gap
In this subsection, we illustrate the effect of density gap at the core-envelope interface on the screening effect. This can qualitatively explain the large difference between the screening effect in hybrid stars and that in dressed quark stars. While screening effect is observed in dressed quark stars, the effect is not as significant as that in hybrid stars. This is due to the tremendous difference between the ratios of the density gap to the stellar core density at the interface in the two models. In this subsection, we compare the change in the screening factor as we adjust the density gap of a two-layer incompressible model with a solid core and a thin fluid envelope. We calculate the tidal deformabilities of models with an incompressible solid core surrounded by a very thin fluid envelope with adjustable density ρ f .
Numerically, it can be implemented by replacing the boundary conditions at the stellar surface of a single layer solid star with the conditions at the core-envelope interface of a two-layer model, and setting R c = R. Although it might not be valid to employ linear theory to calculate the tidal deformations in these models with such a thin fluid layer as the non-linear terms start to dominate when the deformation is comparable to the fluid layer thickness, it still serves as a reference on how the screening effect would depend on the density gap for realistic models with a thicker fluid envelope. Note that it is not possible to isolate the effect of density gap as the only changing factor for models with a thick fluid envelope. Instead, factors like the thickness of the fluid envelope and the non-uniformity of the density profile might dominate over the effect of the density gap. For this reason, we compare the dependence of the screening factor on the density gap in such a thin-envelope limit so that we can isolate the density gap as the only changing parameter without altering the stellar structure.
We adjust the density of the fluid envelope ρ f and plot the screening factor, δλ/ δλ max , against ∆ρ/ρ c for three models of different compactness in Fig. 10 , where ρ c is the uniform solid-core density and ∆ρ/ρ c is defined by
Although the fluid envelope of our model is very thin, they still pose a rather strong screening effect if the density gap is small. We can see the significant decrease in screening effect when ∆ρ is increased. In Fig. 10 , the screening factor δλ/ δλ max decreases gradually towards 0 as the density gap increases for models with different compactness. This indicates that as long as ρ f is not too low, the thin fluid envelope can still have a significant screening effect on the solid core. Fig. 10 shows clearly how the screening effect is weakened as the density gap is increased.
C. Compactness
Fig. 10 also shows that, for a given density gap, the effect of relativity also weakens the screening effect. To further study the effect of relativity, we use the incompressible model without a density gap at the core-envelope interface. It is known in the Newtonian limit that the fluid envelope of a two-layer incompressible model without a density gap can perfectly screen out the external tidal field on the solid core (See Appendix B). This has been studied previously in [55, 56, 88] . In the following, we numerically show that increasing the compactness can and fluid envelope densities ρ f . The fluid envelope is set to be very thin so that we can freely adjust the density gap without altering the overall background profile. reduce the effect of screening in our general relativistic incompressible model. In Fig. 11 , the screening factor of two-layer incompressible models with a solid core and a fluid envelope is plotted against the fractional core radius. The models have different compactness as indicated in the legend of Fig. 11 . It is note that the effect of relativity becomes important at the high end of R c /R. In particular, for R c /R 0.7, the screening factor decreases rapidly as the compactness increases. While the incompressible model in Newtonian limit (C = 0) has a screening factor equal to 1 within numerical accuracies, the one with maximum compactness (C = 0.44) has a screening factor of around 0.75 as R c /R → 1. This demonstrates that the effect of GR causes a reduction in screening effect. Figure 11 gives a qualitative understanding on how strongly GR can influence the screening effect. From the figure, the reduction in screening effect is very small, with a magnitude within 2%, for typical compact stars of compactness around 0.2. Hence, the effect of GR on the screening effect is not significant for typical compact star models.
V. IMPLICATIONS FROM GW170817
On 17 August 2017, the Advanced LIGO and Virgo network made the first direct detection of the gravitational wave from a binary compact star merger, GW170817 [1] . The correlated electromagnetic signals in different frequency bands were also detected (see [90] and the references therein). From the LIGO and Virgo observations, an upper bound on the normalized tidal deformability of a 1.4 M ⊙ star is approximated to be 800 in a low-spin scenario [1] . This upper bound has already been used to put constraints on EOSs (see, e.g., [15] [16] [17] [18] [19] [20] [21] [22] [23] [24] ).
We have shown that elasticity can reduce the tidal deformability significantly in certain models containing CCS phase, including the solid quark stars [45] , dressed quark stars with a CCS core and quark stars containing a CFL core and a CCS envelope. Hence, the constraints on EOS parameters for fluid quark stars discussed in [17] need to be reconsidered if the quark matter is in a crystalline phase such as the CCS phase that we focus in this paper or the quark-cluster model proposed in [91] . As an illustration, we take our quark-matter EOS (see Eq. (53)) with parameters a 4 = 0.7, a 1/2 2 = 0 and B 1/4 eff = 135 MeV. The normalized tidal deformability of a 1.4M ⊙ fluid quark star constructed with this EOS is λ = 974, which is ruled out by the upper boundλ = 800 obtained from GW170817. However, for a solid quark star with the same mass and EOS, the normalized tidal deformability can decrease below 800 if the gap parameter is larger than 9 MeV as shown in Fig. 12 .
During inspiral, the solid layer(s) of the compact stars can be melted if the stress from the tidal field is too large. Postnikov et al. [14] estimated the frequency of the gravitational wave signals at which the solid quark matter crust reaches the threshold strain and breaks. For a 1.4 M ⊙ quark star with a solid crust with shear modulus 4×10 32 erg cm −3 , the frequency at the breaking point is about 12 Hz, which is outside the best sensitivity region of Advanced LIGO and Virgo at around 100 Hz [92, 93] . However, the shear modulus of the CCS phase quark matter strongly depends on the gap parameter which spans a wide range from 5 to 25 MeV phenomenologically. Assuming the gap parameter is 25 MeV, the shear modulus would be about 2 × 10 34 erg cm −3 for a 1.4 M ⊙ solid quark star with EOS parameters a 4 = 0.7, a 1/2 2 = 0, B 1/4 eff = 135 MeV. The corresponding breaking frequency would then be about 180 Hz following the estimation method in [14] . As a result, the quark matter may still be in the solid phase when the emitted gravitational wave signal is detected during the inspiral if the gap parameter is near its theoretical upper bound.
On the other hand, we expect that the tidal deformability of a hybrid star model containing a CCS quark matter core would be very close to that of a hybrid star with a fluid core due to screening effect, assuming that the solid core size is smaller than about 70% of the stellar radius (see Subsection III A). As a result, if a hybrid star EOS model is ruled out by the observational upper bound on the tidal deformability, the conclusion will hold no matter whether the quark matter is in a fluid or solid state, assuming that a large solid core comparable to the stellar radius is not favored in nature.
VI. CONCLUSION
In this paper, we study the tidal deformability of compact star models containing the extremely rigid CCS phase quark matter. We have presented a formulation to determine the tidal deformability of two-layer compact stars with a solid component. Comparing to previous work on this subject (e.g., [46] ), our formulation is written in terms of a different set of matter variables so that the resulting equations can be compared directly to their Newtonian counterparts. We have applied our formulation to study four different compact star models: (1) solid quark stars composed entirely of CCS quark matter [45] ; (2) hybrid stars with a nuclear matter fluid envelope on top of a CCS quark-matter core [52] [53] [54] ; (3) dressed solid quark stars with a thin nuclear matter solid crust [39] ; and (4) two-layer quark stars with a fluid CFL quarkmatter core surrounded by a CCS quark-matter envelope [38] . We focus on the screening effect on the tidal deformability due to the envelope of various two-layer compact star models, which screens off the influence by the elastic or fluid property of the core.
Our results show that the screening effect in hybrid stars is strong as long as the size of the solid quark-matter core is less than about 70% of the stellar radius. For instance, the fractional deviation in the normalized tidal deformability of a hybrid star, with a solid core with radius about half of the stellar radius from the corresponding pure fluid model is below 1%.
On the other hand, the screening effect in dressed solid quark stars with a thin nuclear-matter crust featuring a large density gap at the core-crust interface is very weak. Further analysis in Subsection IV B shows that the large density gap is the reason for the weakness of the screening effect. In other words, if the density gap is zero, the screening effect would become so strong that the tidal deformability of the model would deviate a lot from that of a solid quark star with the same background profile.
We have also found that the screening effect in twolayer quark star models with a fluid CFL core surrounded by a CCS solid envelope is different from hybrid stars in terms of the dependence on the thickness of the core and envelope. Compared to the case of hybrid stars, the screening effect of two-layer quark stars is more sensitive to the position of transition between the fluid core and solid envelope.
Besides, we also investigate how the screening effect in two-layer compact stars is affected by the core size, the density gap at the core-envelope interface and the compactness of the stars. First, we adjust the core size of two-layer models without a density gap at the interface to study its influence on the screening effect. For models with a fluid core and a solid envelope, the screening effect gradually changes with the core size. The screening factor, defined in Sec. IV, reduces from 1 to 0 (no screening) as the core size increases from 0 to the stellar radius. On the contrary, the screening effect of models with a solid core and a fluid envelope show a much weaker dependence on the core size. We also find that for models with a rather uniform density profile, the screening factor remains close to 1 for any core size between 0 and the stellar radius, which indicates strong screening regardless of the core size. For polytropic models with a solid core and a fluid envelope, the screening factor remains close to one for core size less than 0.75 of the stellar radius.
We also show that the screening factor of a two-layer incompressible model with a solid core and a thin fluid envelope reduces gradually to 0 as the density gap at the core-envelope interface increases from 0 to 100% of the core density. This indicates that the density gap at the interface is an important factor to affect the screening effect. It specifically explains the weak screening effect in dressed quark stars.
The effect of GR on the screening effect is also studied by varying the compactness of our stellar models. A slight reduction on the screening factor is found on twolayer incompressible models as the compactness increases from the Newtonian limit (i.e., compactness equals 0), to the highly relativistic case (compactness equals 0.44).
However, the reduction in screening factor is not significant as long as we are considering the typical range of compactness of around 0.2.
Our numerical investigation suggests that the screening effect depends crucially on the detailed stellar structure such as the core size, composition (fluid or solid state) of the core and envelope, and the density gap at the core-envelope interface.
Finally, we have demonstrated how quark star models which are ruled out by the observation limits on the tidal deformability obtained from GW170817 [17] can be revived if the entire quark star is in a CCS phase instead of a fluid phase. This illustrates how the crystalline phase of quark matter might come into play when one tries to use the information on the tidal deformability obtained from gravitational wave observations to put constraints on quark-matter EOS models. Our study also advocates that the tidal deformability not only provides us information on the EOS, but may also give insights into the multi-layer structure and elastic properties of compact star models composed of CCS quark matter. With the expectation that more compact star mergers will be observed in the coming decades, the possibility of using the observed gravitational wave signals to constrain the various models of deconfined quark matter will become very promising.
the deformation vector of a mass element is denoted by ξ = ξ r (r)Y lm (θ, φ)r + ξ ⊥ (r)r∇Y lm (θ, φ). The linearized momentum conservation equation for spheroidal deformations is hence given by
The perturbed continuity equation for spheroidal modes is given by (e.g., [96] )
∇ · ρ ξ = δρ(r)Y lm (θ, φ) = 0.
Eq. (B6) does not depend on the other perturbed quantities such as ξ and can be solved alone to give a regular solution
where A is some arbitrary constant. Hence, Eqs. (B7) and (B8) are left with two regular solutions, i.e., two undetermined constants. As a result, the perfect screening of the external tidal field on the solid core is easily realized by considering the fact that the two boundary conditions at the core-envelope interface are homogeneous in ξ r and ξ ⊥ when the density gap across the interface is zero:
µ r dξ ⊥ /r dr + ξ r r Rc− = 0,
where we use the subscripts '+' and '−' to denote different sides of an interface at radius R c , e.g., R c+ = lim
It can be shown that Eq. (B10) gives a homogeneous equation of ξ r (R c− ) and ξ ⊥ (R c− ) when there is no density gap, which in turn gives the trivial solution ξ r = ξ ⊥ ≡ 0 within the solid core when combined with the other homogeneous relation, Eq. (B11), since ξ r (R c− ) and ξ ⊥ (R c− ) are left with two degrees of freedom. This leads to the resultλ ≡ 1/(2C 5 ), independent of the solid core radius, which exactly equals the normalized tidal deformability of a Newtonian fluid incompressible star. This is the so-called perfect screening, where the effect of the external tidal field on the solid core is completely screened off by the deformed fluid envelope. 
